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WEIGHTED REARRANGEMENT INEQUALITIES
FOR LOCAL SHARP MAXIMAL FUNCTIONS

ANDREI K. LERNER

ABSTRACT. Several weighted rearrangement inequalities for uncentered and
centered local sharp functions are proved. These results are applied to obtain
new weighted weak-type and strong-type estimates for singular integrals. A
self-improving property of sharp function inequalities is established.

1. INTRODUCTION

This paper continues the study of the rearrangement inequalities in terms of
sharp maximal functions [BK, BDS| [L1}, L.2]. Let f*(t) denote the non-increasing
rearrangement of f with respect to a weight w, and let f*(t) = t=! fg fa(r)dr.
Throughout the paper, a weight is supposed to be a non-negative locally integrable
function. Given a measurable set E, let w(E) = [, w(z)dz. Given a cube @ C R",
consider the (weighted) Fefferman-Stein [FS2] and so-called local [JT, [Sfx] sharp
maximal functions relative to @) defined by

# () nf L _
(11) fhotw) = s it~ [ 156) ~clotu)dy
and
12 Mfiof@)= s i ((f-one),(w(@) ©<r<D),

respectively, where the supremum is taken over all cubes ' C @ containing x.

When @ = R" or w is Lebesgue measure we drop the subscripts @ or w, respectively.
Both definitions (L)) and (L2) are closely related to the space BMO [JIN].

Indeed, the sharp function f# is directly generated by the definition of BMO:

Ifll2r0 = 11 #loo,

while the local sharp function M j\# f is generated by an alternate characterization
of BMO:

(1.3) ANME flloo < 1flBr0 < eal M flloo (0 <A< 1/2).

The first estimate in (C3)) trivially holds by Chebyshev’s inequality, while the second
one is a deep result due to John [Jo] and Strémberg [Stx].

Besides their relation to BM O, sharp functions are also a very useful tool in
studying many important operators arising in harmonic analysis. They can be used
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for a pointwise control of singular integrals, commutators, multipliers, Littlewood-
Paley and pseudo-differential operators (see, e.g., [ABKPI, [AP], [CF2|, [CP2| [Tal,
JT], [Ku], [L1]). We will be concerned only with applications of sharp function
inequalities to classical singular integrals T = p.v.f * K with kernel K € C! outside
of the origin satisfying

1Ko < ¢, |VE ()] < ¢faf"*
For any appropriate f and all z € R™ (see [JT], [LI]),
(1.4) MPF(Tf)(z) < exnMf(z) (0<A<1),

where M f is the Hardy-Littlewood maximal function.

Rearrangement estimates relating an arbitrary function f and its sharp function
reflect a twofold role of sharp functions: on one hand, such estimates are useful in
some questions concerning BM O, and, on the other hand, they serve for connection
between different operators. We first recall a well-known result by Bennett, DeVore,
and Sharpley ([BDS| or [BS| p. 377]) saying that for any integrable function f on
a cube Q C R",

(1.5) (fxQ)™(8) < en(fE) () + (fx@)" (1) (0 <t <[Q|/6).

This inequality easily implies several fundamental results, for instance, the John-
Nirenberg inequality [JN] or the Fefferman-Stein theorem ([FS2| or [Stl p. 148])
about the equivalence of the LP-norms of f and f#, 1 < p < co. Also it has ap-
plications in the interpolation theory. A weighted variant of (LH), for A..-weights,
was obtained in [BK].

In [LIIL2], it was shown that a more precise inequality than (IH) holds, namely,
the difference of rearrangements is estimated by the local sharp maximal function
M j\# f: for any measurable function f, any weight w, and each cube @ C R",

(1.6) (fxQ)u(t) < 2(MF L0520+ (Fx@)s(2t) (0<t<Xw(@)),

where )\, is some constant depending only on n. This result was first proved for
doubling weights [L1], and recently it has been observed [L2] that the doubling
condition can be removed. By a standard argument, (6) yields the following
strong-type estimate:

(1.7) / |flPwdz < cp/ (Mff“wf)pwdx (0 < p < o0),
n ]R'IL

whenever w(R™) = co and f*(co) = 0. Note, however, that such an “absolutely
weighted” estimate is not quite satisfactory for applications. Inequality (L4, for
example, suggests that to get weighted inequalities for singular integrals, it is very
desirable to have the unweighted local sharp function M f f in place of its weighted
variant M j\# J on the right-hand sides of (LH) and (L7). A simple argument shows
that M;\%wf = Mfff for any A..-weight w (see [L1]). In this case putting T'f in
place of f in (C7) and applying (I4]), we get a classical inequality due to Coifman
and Fefferman [CE1]. In the case of arbitrary weights the situation is much more
complicated (see, e.g., [Pe], [W4] for estimates of singular integrals).

In [L3], the author used (L) in the unweighted case and an atomic-like decom-
position of w to prove the following estimate for any measurable f with f*(o0) =0
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and any weight w:
(1.8) / @) w@)de < ey [ ME f@)Muw(z)dz.
n R?L

By a recent extrapolation theorem of Cruz-Uribe and Pérez [CP1], (L.8) is extended
to the range 1 < p < oo in several different ways:

(1.9) / | f|Pwdx < cp,n/ (Mf: f)p(Mw/w)pwdx (I1<p< )
n Rn .

and

(1.10) / [fPwdz < cpm/ (Mjfo)pM[p]+1wdx (1<p<o0),
n R

where M* = M -M ... M is the kth iterate of M, and [p] denotes the largest integer
less than or equal to p. Inequality ([9) combmed with ([4) gives a new weighted
strong-type estimate for singular integrals:

/ IT flPwdx < cp,n/ (Mf)P (Mw/w)Pwdz (1 <p < o00).
n Rr

A natural question arises as to whether one can obtain a weighted rearrange-
ment estimate implying (C8). Observe that the difference f*(¢) — f%(2t) cannot
be estimated by (Mff)?ww (t) (the rearrangement of Mff with respect to Mw),
since this yields (ICI0) with Mw in place of MPI*1y for any p > 1. But it is known
that (LI0) is sharp in the sense that M [Pl+1y, cannot be replaced even by MPlw
for p > 1 (see |[L3]). By a similar reason, f*(t) — f*(2t) cannot be estimated by
(Mf: [Mw/w)i(t), since this gives (I9) for all p > 0. But (IL9) for 0 < p < 1 is
incorrect; it suffices to take w = X(0,1) and fy such that |fy[ > N on (0,1) and
lf~llBro < cfor any N.

Our first result, proved in Section 3, says that the desired estimate, somewhat
surprisingly, is a generalization of the Bennett-DeVore-Sharpley inequality (LE).
More precisely, we first prove a local variant of (L8] (see Theorem Bl below), and
then combine it with a covering argument of [MMNO] and an argument used in
proving ([CH) to get the following.

Theorem 1.1. For any measurable f, any weight w, and each cube @@ C R",

(111) (Fx@) () < en( (ME0F " 2)x) " (+(Fxa)(t) (0< 1 <w(Q)/2)

As a simple corollary, we obtain a new weighted weak-type estimate for singular

integrals:
(o]

TNZO<en [ MMofZOT (>0

t
Note also that (LIII) yields a direct proof of (LY) without extrapolation. Besides,
(CTI) contains (L) as a particular case when w is Lebesgue measure (see Section 3).

While Theorem [T provides a rearrangement estimate implying (L8] and (T3,
inequality (CI0) still depends on the extrapolation argument. This can be explained
by a more delicate structure of the weight M1+ in comparison with (Mw/w)Pw.
We believe that (II0) cannot be directly obtained by means of rearrangements.

We would like to point out that a covering argument of [MMMNO] allows us to
get a full analogue of (LCH):

(1.12) (fxQ) (1) < en(fEQ)u(t) + (X)L () (0 <t <w(@)/2)
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(we will not prove this fact, since the proof is essentialy the same as in [BDS]).
Further, Theorem Bl below, in particular, gives the following pointwise estimate:

flo(@) < enMuq (MY Mow/w)(z).

This estimate combined with (I.12)) can be used to deduce Theorem [[] without
any restriction on w only in the one-dimensional case. It follows from the fact that
(Mu.of)5() < (fxo)sr(t) if and only if the operator M, is of weak type (1,1)
(see [AKMP]), which is true without any restriction on w only when n = 1.

In Section 4, we prove that inequalities (IL9) and (LI0) have a self-improving
property in the sense that they imply the same inequalities only with M f in place
of f on the left-hand side for 1 < p < co:

/ (M f)Pwdx < cp,n/ (Mjif)p(Mw/w)pwdx
n Rn
and
/ (M f)rwdz < cpp, / (MF f)" M+ wda.
n Rn .

In the unweighted case this is quite standard in view of the boundedness of M
in LP for p > 1. However, in the weighted case the situation is different [FSI].
Our argument relies on the Fefferman-Stein inequalities [FST] and on a pointwise
relation between the Hardy-Littlewood and the local sharp maximal functions.

It is well known that in the non-doubling setting centered maximal functions
(that is, those maximal functions in which the corresponding supremum is taken
over cubes centered at x) have much better mapping properties than their un-
centered variants. For instance, the weighted centered Hardy-Littlewood maximal
function M,, f is of weak type (1, 1) for all n > 1, and hence, (M, f)5(t) < enf23* (1)
(cf. [AKMP]). However, the converse inequality f:*(t) < c(M,f)5(t) in general
is not true even in the case n = 1. Indeed, take, for example, f = x(,1) and
w(z) = el*l. Then M, L f(x) < e 2l and thus M., f belongs to LY, which implies
integrability of (M £)5(t). But this contradicts the fact that f**(¢) is not inte-
grable on (0,00). By the same reason, the sharp function fﬁQ cannot be replaced
by its centered variant on the right-hand side of (IT2). Nevertheless, we show that
inequality (IZG)) in the case @ = R™ can be improved by replacing Mfw f by its

centered variant M. f /- The main result of Section 5 is the following.

Theorem 1.2. For any measurable function f and any weight w,

Fa) < 20MF  N5/2) + f52t) (0 <t < Aw(R™)).

!L7w

As a corollary, we get (7)) with M N# .f in place of M f f, which also im-
proves [MMNO] Theorem 8] where the strong type mequahty with the centered
sharp function fw was obtained. Further, we establish an estimate of Mf& wl
by the unweighted local sharp function and the maximal function Pyw measuring
“Aso-ness” introduced by Wilson [W1] (see also [W2]-[W4]). After that we apply
Theorem [LZ] to get some new weighted weak-type and strong-type inequalities for
singular integrals.

Some words about the notation. For two quantities a, b, we write a =< b if there
exist absolute constants ci, ¢y such that cia < b < caa. Next, @ will always denote
an open cube with sides parallel to the coordinate axes. Its diameter is denoted
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by diam(Q). Given a cube @ and r > 0, Q will denote the cube with the same
center as @ and such that diam(rQ) = rdiam(Q). For a measurable set E C R,
by |E| we denote its Lebesgue measure. As usual, L? denotes the space of all f
for which || f||zz = (I]R" f|pwda:)1/” < 00. The letters ¢, An, Cp.n, etc. will denote
constants depending only on n, p and n, etc., which might change from occurrence
to occurrence.

2. PRELIMINARIES

2.1. Rearrangements. Given a measurable function f on R™, define its non-
increasing rearrangement f* with respect to a weight w by (cf. [CRl p. 32])

Fi)= sup inf [f(a)| (0<t<w®)).
w(E):tIEE

Observe that the rearrangement defined in such a way is left-continuous. We
will mainly use several well-known properties of rearrangements [BS| p. 41, 53]:

(2.1) (f+9)o(t +t2) < fo(t) +g5(t2) (L, t2 > 0),
(2.2) |fil T1f| w-ace. = (fi) T f5@) and (fi)5 () T £57(F)s
and

(2.3) w?;)pt/E|f(x)|w(x)dx—/o fi(r)ydr  (t>0).

Also conditions like fZ(c0) = 0 will appear often. The following simple proposi-
tion clarifies the sense of such conditions.

Proposition 2.1. Let w be any weight such that w(R™) = co. Then f5(c0) = 0 iff
the distribution function py (o) = w{z : |f(z)| > a} is finite for any o > 0.

Proof. Suppose that s (ag) = oo for some ap > 0. Then it follows easily from
the definition of the rearrangement that f(¢) > «ap for all ¢ > 0. Therefore the
condition f(c0) = 0 implies py,.,(a) < oo for all o > 0.

Conversely, assume f(t) > & > 0 for any ¢ > 0. This means that pf,(§) = oc.
Thus, the condition py ., (a) < 0o, > 0, implies f(oc0) = 0. O

2.2. Local maximal functions and median values. It is well known that one
of the constants ¢ minimizing the functional [, 0 |f — c¢|dz (which appears in the

definition of f#) is the mean value of f over Q, namely fo = |Q|~* fQ f. For the
functional ((f — C)XQ)*()\|Q|),O < A < 1/2, the same role is played by a median
value of f over @, namely by a, possibly nonunique, real number m;(Q) such that

HzeQ: fz) >mp(@)} <|Q[/2 and [{z e @: f(z) <ms(Q)} <|Q|/2-

Indeed, it follows easily from its definition that

Ims(Q) < (fxq) (1Q1/2);

moreover, in the case when f is a non-negative function we can take

m(Q) = (fxeo) (1Q1/2).

Next, it is clear that ms(Q) — ¢ = ms_.(Q) for any constant ¢, and hence

Ims(Q) — ¢ < ((f — )x@) " (1Q1/2),



2450 ANDREI K. LERNER

which in turn gives

((F = ms@)xe) (QI) < 2inf ((f — A)xe) (NQI) (0 <A<1/2)

Exactly in the same way one can define a weighted median value. Note also that
in the case w(R™) < co a weighted median value of f over R can be defined as a
number my ,, such that

w{z e R": f(z) >myo} <w(R")/2 and w{zr € R" : f(z) < mso} <w(R™)/2.
Define the centered weighted local sharp function M. f o by
Mj\#wf(x) = Zup inf ((f — C)XQ) (Ww(@)) (<A<,
s>z ¢
where the supremum is taken over all cubes centered at x.
Proposition 2.2. For any weight w with w(R™) < oo and any measurable f,
(f =msw), (w(R") <4 inf MY f(x) (0<A<1/4).
Proof. Given a point € R", let Q(z, ) be the cube centered at x of diameter r.
By (22) and by the left-continuity of fZ,
(24) (f - mf,w):<>‘w(Rn)) = TILHOIO ((f —Mfw )XQ(gc T)) ()\W(Q(LL',T)))
Next, applying (2.1]) gives
im0 = mpw(@@ ) < (f = mpu(@Qx,r) (w(R")/2)
= ((f - mf,w(Q(xv r)))XQ(:C,T‘)): (W(Rn)/4)
(25) + ((f —Mfw (Q(J?, T)))X]R"\Q(z,r)): (W(Rn)/4)

For r big enough, w(R™ \ Q(z,r)) < w(R™)/4, and hence the term in 23] will be
equal to zero. Therefore, using (2:4)), we obtain

(f =msw), Qw®RY) < limsup ((f —m.u( Q). Mw(Q(z,1)))

)X

+ limsup((f my . )Xer)) ( Rn)/4)
)
).

N

T—00
< 2hmsup((f myw(Q(z, 7 XQ(xr) ()\w(Q(m,r)))
T —00
< 4hmsup1nf( — )X, (Aw ;7))
< AM{ f(2),
which finishes the proof. U

Median values play an important role in proving the right-hand side of (I-3). In
particular, the proof is based on a somewhat stronger variant of the John-Nirenberg
inequality: for any cube @ C Qo (cf. [Str]),

(2.6) ((f = msp(@)xQ) () < enl M) g, fllclog == (0 <t <|Q)).

For any measurable function f define the maximal functlon mf by

mxf(z) = sup (fxq) (AQ]).
Q>oz

2@

where the supremum is taken over all cubes containing x.
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Observe that {z : maf(z) > a} C {z : Mx{fj>a}(®) > A}. Therefore, by the
weak type (1, 1) property of the Hardy-Littlewood maximal function, we have

[ maf(@) > 0| < 5l (@) > ]
or, equivalently,
(2.7) (maf)* (1) < F*O4/37) (> 0).
We will also need the following lemmas.
Lemma 2.3. For any measurable function f, any weight w, and each cube @,
(Fxa), (Ow(@) < 2 inf ((f = Oxq),,(w(@)) + (fxe),, (1 = N (@),
where 0 < A < 1.

This lemma was proved in [L1].

Lemma 2.4. For any f € L(Q),
[ 15@) - foldr <5 [ M g1yt
Q Q
This lemma contains in [JT], [L3]. It follows easily from (L) with w = 1.

2.3. As-weights and A, -maximal functions. We say that a weight w satisfies
Ao Muckenhoupt’s condition if there are positive constants a, 3 < 1 such that
w(E)/w(Q) > a implies |E|/|Q| > S for any cube @ and any subset £ C Q. There
are many equivalent characterizations of A (see, e.g., [CE1] or [Stl Ch. 5]). In
particular, A. is equivalent to saying that for any o/,0 < o' < 1, there exists a
3,0 < <1, s0 that w(E)/w(Q) > « implies |E|/|Q| > ' for any Q and E C Q.

We now, following Wilson [W1], define the maximal function Pyw, which mea-
sures a local un-A. behaviour of w. For 0 < A < 1 and any cube Q with w(Q) > 0,
let E\ C @ be any subset of minimal Lebesgue measure such that w(Ey) = Aw(Q).
Set

Prw(z) = sup log(1 +|Q[/|Ex]),
Sz

where the supremum is taken over all cubes @ with w(Q) > 0 containing x.
It is easy to see that w € Ay if and only if P\w € L. We give here several
estimates for Pyw. Let E be any subset of @ such that w(E) = Aw(Q). Then,

by @3), \w(Q) < OlEl(wXQ)*(T)dT, and therefore,

Bl Ve () o e
log(1 + QU < o WXel (DlsC+ 19/

o (wx@)*(r)dr

QI
o) @ @s +Ql/mar

By a Stein-Herz type inequality (cf. [BS, p. 122]),
Q|

Q]
/ (@) () log(1 + Q| /r)dr < 2 / (wxQ)™ ()T < e / Mow(x)dz,
0 0 Q
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where Mgw is the Hardy-Littlewood maximal function relative to @. Thus, for
all x,

Pw(x) < ey, ngg}f; ﬁ /QMQw(y)dy.

Similarly, one can get the following: for any Young’s function ® (cf. [BS, p. 265]),

N wxg)T ()@ (log(1 + 1Q/7))dr
2w (Q) '

Pyw(z) < sup ®
Q3

3. A WEIGHTED VARIANT OF THE BENNETT-DEVORE-SHARPLEY INEQUALITY
We start with a local analogue of (L.8).
Theorem 3.1. For any f € L(Q) and all weights w,

/Qlf(x) - folw(z)dz < Cn/QMi;Qf(x)MQw(x)dx.

Proof. The proof follows the same lines as the one of ([.§) in [L3], although with
some minor modifications. Clearly, we can assume that fo = 0. Suppose also that
2171 <wg < 2l and w < 2™, If m — 1 < [, then we trivially get, by Lemma 2.4]

/Q|f(x)|w(x)dx<4wQ/Q|f(x)|dx < 32ingQw/QMi;Qf(x)dx

IN

32 /Q Mfi;Qf(x)MQw(a:)dx.

Assume, therefore, that | < m — 1. For I < k < m — 1 we write Q = {z € @ :
MQAw(x) > 2¥} as a disjoint union of dyadic cubes Q¥ (relative to @) such that
2F < wgr < 2"2% (cf. [SH, p. 150]), where M is the dyadic maximal function
with respect to Q. Now set gp = Zj(u) - wQ?)XQ;? and hy = w — gr. Then
lgk — grs1] < 3-272% and fQ,; (9 — gkr1) = 0. Hence, applying Lemma 24 and

using the fact that MfQ|f| < M}\%Qf, we get

m—1
fy s = 323 [ 1w = gy + [ ih
m—1
Sy / (141 = 11 ) gk — ges1)da + 2w / flda
k=l J

J

Z Z/ I1f] — |f|Qk|dgc+161nf1\4Qw/MA of ()dx
k=

IN

IN

IN

242" Z 2k Z/Qk MY o fdz+ 16/QMi;Qf(x)MQw(x)dx
k=l J J

m—1
= 24.27 Z 2’“/
k=l

MY o fdz+ 16/ MY o f(z)Mow(z)da
{MBw>2k} " Q "

IN

64-2”/ Mfi;Qf(a:)MQw(a:)dx.
Q
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The restriction w < 2™ is easily removed by the Fatou convergence theorem, which
completes the proof. O

The following covering lemma was proved in [MMNO)].

Lemma 3.2. Let E be a subset of Q, and suppose that w(E) < pw(Q), 0 < p < 1.
Then there exists a sequence {Q;} of cubes contained in Q such that
() w(QiNE) = pw(Qi);
(i) U, Qi = Uf;l Uier, @i, where each of the family {Qi}icr, is formed by
pairwise disjoint cubes and a constant B, depends only on n; in other

words, the family {Q;} is almost disjoint with constant By,;
i) E' c |, Q;, where E' is the set of w-density points of E.
(2

Proof of Theorem [L1l. Since Mj\#Q|f| < M;%Qf, we can assume that f > 0. Apply-
ing Lemma B2 to theset £ = {x € Q : f(x) > (fx@)5(t)} and number p = 1/2, we
get a sequence {Q,} of cubes, for which properties (i), (ii), and (iii) of the lemma
hold. By (iii),

t((fx@)s () — (fx@)u) = /E (f(@) = (fx@)*(t))w(z)dz

Z [E U@ = (rey @)
> [, o)~ fa i

+ ZW(EﬂQj)(fQj — (fxQ)5(®))-

J

IN

IN

We can assume that the last sum is taken over such j for which fo, > (fxq)s ().
Since w(ENQ;) =w(Qj)/2 = w(E°NQ;), we obtain

GEN Q) (o, ~ (ki) < [ (o, ~ )l

and, therefore,
(%) 0= Uxali0) <23 [ 1700) = o otolds

Now using properties (i), (ii) of Lemma |3_,__2|, Theorem [3.1] and (2.3), we have

Z / — fo,|w(@)dr < cnz / o MY o f(@)Mouw(z)dz

< anz M,“Qf z)Mquw(z)dzx
k=1j€F}
B oUienQ) .
< an/o ((MA";QfMQw/w)XQ)w(T)dT
k=1
2t i
< By, / (MF o fMow/w)xq),,(T)dr
0
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(here we also used that w(E) < t, and so, w(U;cp, @;) < 2w(E) < 2t). Hence,

(FXQ)Z' (1) = (fxQ)u(t) < denBa((MT o f Mou/w)xq),, (2t)

den B ((MF o f Mau/w)xq)., (¢),

as required. O

IN

Remark 3.3. If w is Lebesgue measure, then fg = MQM/’\i;Qf (see [JTI), and

(fXQ)™(t) =< (Mqf)*(t) (see, e.g., [BS p. 122]). Hence, (M, f)**(t) < (f5)* (1),
and we obtain that in this case Theorem [Tl is equivalent to the Bennett-DeVore-

Sharpley theorem (cf. (LH))).
Corollary 3.4. For any measurable f on R™ with f*(c0) =0, and any weight w,

w(R™) ds
(3.1) o () < Cn/ (Mfiwa/w)Z*(S)? (0 <t <w(®")).
t
Proof. Integrating (T11)) gives

w(Q)/2 ds
(fxQ)a'(®) = /t (Fx@)Z (5) = (FxQ)i(s) — + (Fx@)S (w(@)/2)

w w

IA

provided 0 < ¢t < w(Q). Next, it follows from the properties of median values (cf.
Section 2.2), from Lemma [24] and Theorem BI] that

g [ < =i [ 17 = Jolwds + Ifa — ms(Q)| + Ims (@)
Q Q

w(Q) w(Q)
]_ 2 *
< m/@|f—fQ|wdx+@/Q|f—fQ|dx+(fXQ) (1Q1/2)
< WEQ)/QMji;QfMQWdJ?'F@/QM:%L;QJCCM"'(JCXQ) (|Q|/2)
< Cn +

W(Q;G /Q M, o f Mowda + (fxQ)"(1Q1/2)

(@) N
< o (O o Maw/xa) " ()T + (Fxa)(Q1/2),
w(Q)/2 s

From this and from the previous estimate we obtain
ok w(Q) # sk dS %
() < e [ (O of Mowfolxa) () +2(xa)(1Q1/2
t

w(R™) ds
<o [ IE M) + 2 (R,
Here letting @ — R™ and using (2.2)), we get (31)). O
Now we can easily prove (IJ).
Corollary 3.5. For any measurable f with f*(c0) =0, and any weight w,

(3.2) /Rn |[flPwdz < cpn /}Rn (Mjif)p(Mw/w)pwdx (1<p< o).
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Proof. In the case p = 1 we trivially obtain from (B8] that

t . [e'e] dS
/ fi(r)dr < c@”Miwa/wHLL/ == cn||M;‘iwa||L1.
0 t

Here letting t — w(R"™) yields 32).
Suppose p > 1. Then we apply (31)) and Hardy’s inequalities [BS, p. 124]:

Iy = Ifillzeowmny) < 155 Le(0.w®@n))
< Cnp||(M;t,fMW/W):;*||Lp(0,w(Rn))
P # p? #
< on T NME FMw/w)l e o) = en— 1M, fMw/wllrg,
and we are done. O

Also we obtain a new weak-type estimate for singular integrals.

Corollary 3.6. For any f € Ule LP, and any weight w,

w(R™) ds
(THZ () < en / (M fMofo)s () (0< 1 <w(®).

Proof. Since

fe U LP = (Tf) € (weakL') U U LP = (Tf)*(c0) =0,

p>1 p>1
we can apply ([4) and (3J), which immediately gives the required estimate. O
4. A SELF-IMPROVING PROPERTY OF SHARP FUNCTION INEQUALITIES
It was observed in [L3] that a known pointwise estimate [L.]
M (M f)(x) < exnf# ()

combined with (ICY) and (CI0) immediately yields the following weighted versions
of the Fefferman-Stein theorem (cf. [FS2]):

(4.1) / (M f)Pwdx < cp,n/ (f#)p (Mw/w)Pwdz (1 <p < o0)
and | N

(4.2) / (M f)Pwdx < cp,n/ (f#)pM[lewdx (1 <p<o0).
Note also that it follows from (EIE)H?{ by Chebyshev inequality,

(4.3) Fr) < %" . MY f(z)Muw(x)de.

In this section we show that inequalities (L), (LI0) (as well as (@1)), (£2)) for
p > 1, and (£3)) can be improved.

Theorem 4.1. For any locally integrable f with f*(c0) =0, and any weight w,
(4.4) / (M f)Pwdz < cp,n/ (Mjif)p(Mw/w)pwdx (1<p<o0),
-

(4.5) / (M f)Pwdz < cpp / (ME )P MPH wdz (1< p < o),
n ]Rn
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and

c
(4.6) (ML) < Tn Mj\if(x)Mw(x)dx (t > 0).
R7l
It is interesting that the proof of the theorem is essentially based on inequalities
(C9), (CIO), and (E3), that is, these inequalities have a self-improving property
expressed in (&), (£5), and (E4), respectively. An important ingredient of the
proof is also the following classical Fefferman-Stein inequalities [FS1]:

(4.7) /7L(Mf)pwdx <cpn /}Rn |[fIPMwdz (1 <p < o0),
and
(45) (L0 <5 [ IfiMwds (¢ 0).

Note, however, that a direct combination of, for instance, @7) and (CI0), yields
only an inequality like [@E) with MP*2w in place of MPI*1w on the right-hand
side. To prove the theorem, we will need several following pointwise inequalities.

Proposition 4.2. For any locally integrable f and all x,

(4.9) M f(x) < 3f#(x) +myjaf(),
(4.10) [ (@) <8SMMY f(x),

and

(4.11) M (majaf)(x) < AMF 4. f(2).

Proof of Theorem Bl By (E9), (£I0) and Minkowski’s inequality,
”Mf”p,w < 24||MM>if”p,w + ||m1/2f||p,w'

To estimate the first term on the right-hand side we use (7)), while to estimate
the second one we apply (L) and {II) (observing that, by 2., the condition
J*(00) = 0 implies (my /2 f)*(c0) = 0). So,

/ (MMfif)pwda: < c/ (M)ﬁf)prdx,

and

/n(ml/gf)pwdx < c/n (Mj\t (ml/Qf))p(Mw/w)pwdx
< c'/ (M;if)p(Mw/w)pwdx.

Since Mw < (Mw/w)Pw, we obtain ([@4). The proof of ({3H) is exactly the same,
only (I-I0) should be applied instead of ([[.3). The proof of ({G) also follows the
same lines with some minor modifications. Namely, to get (£8) we apply a sub-
additivity property of rearrangements (1) instead of Minkowski’s inequality, and

then we use (£3) and (LF]). O
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Proof of Proposition 42l For any cube ) containing x and any constant c,

1 1
@/QVWW < @/Qlf(w)—Cldx+|mf(Q)—c|+|mf(Q)|

3
< /Q (@) — eldz + ms (Q)],

which proves (£9). Next, (I0) is an immediate corollary of Lemma [24] (this
inequality also contains in [JT]).

We now prove ([@I1]). Let Q be any cube containing x. Take an arbitrary point
y € @, and let @’ be any cube containing y. If Q' C 3Q, then

(Fxe) (1Q'1/2) < ((f —msBQ))xe) (1Q'1/2) + Ims(3Q)]
< m1/2((f - mf(3Q))X3Q)(y) + glgg my2f(§).
Assume that Q' ¢ 3Q. Then @ C 3Q’ and in this case we apply Lemma 23] to get
(Fx@)"(1Q'1/2) < (fxse ) (13Q"|/2-3")
< 2inf ((f — c)xse) (13Q'1/2-3") + (fxse) ((1 - 1/2-3")[3Q")
< QMﬁQ.gnf(x) + glgg mi2f(§).
Therefore, for all y € Q,

mipfly) = max(  sup  (fxe)"(1Q1/2),  sup  (fxe)"(1Q'1/2))
Q'24,Q'C3Q Q'34,QC3Q"

maya((f = my(3Q))xs@) (v) + 2M)5 5. f (@) + inf mayof(€).

IN

Hence, applying (27) yields
((m1/2f —igfml/zf)XQ)*(MQD

< (mup2((f = ms(3Q))x3)) (AQD) +2M{), 5. f ()
< ((f = msB3Q)xaa) " (ABQI/2-9") +2M] ) o f (&) < AMF ) o f (),
which gives ([@IT]). O

5. SOME ESTIMATES FOR THE CENTERED LOCAL SHARP FUNCTION

In Section 3 we have obtained a weighted rearrangement inequality for the un-
weighted local sharp function. Here we prove an inequality of different type, namely,
a weighted rearrangement inequality for the centered weighted local sharp func-
tion M j\# wl-

Proof of Theorem [[L2. The proof is a modification of the method used in prov-
ing (CO) (cf. [LI], [L2). Set Q = {z : M{ _f(x) > (MF _f)5(t/2)}, where
An < 1 is some constant depending only on n which will be chosen later. Let
E be an arbitrary set with w(F) = ¢. Choose a compact subset E C E with
w(E) > 9t/10. Clearly, w(E \ Q) > 2t/5. Next, for almost every point z € E \ Q
there is a cube Q, centered at z and such that w((E\Q2)NQy) = Aw(Qy). Apply-
ing the Besicovitch Covering Theorem to the family {Qz}, . B\ vields a countable

collection of cubes @;, covering E \ 2, and such that they are almost disjoint with
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constant By, that is, (J; Q; = UkBL Ujer, @), where each of the family {Q;}ep,
is formed by pairwise disjoint cubes. Then

2t/5<zz (E\Q)NQj) =X ZZ

k=1j€F} k=1jeF}

and hence, for some kg,

2t/5XnBn < Y w(Q;)

JE€Fk,

Next, since the centers of @); lie outside (2,

inf ((f = O)xa,), (Aaw(@))) < (MF, L 5(/2).
From this and from Lemma 2.3]we get

f |f@)] < inf nf [f@)] < inf (fre,),(Aew(@)

jEF r€ENQ; jEFkO
< oMY LN5(t/2) + Juf (fxa,), (1= X)w(@Q)))-
0
Since the cubes from F},, are pairwise disjoint, we easily obtain that

inf (Fxo,)L(1=2)w(@) < £2(0=2) Y Q)

7€k JE Py

F5200 = An)t/5ABy).

Now choose A, so that 2(1 — A,)/5A, By, = 2, that is, A, =1/(5B,, +1). Then
inf |f(2)] < 20 ,0)5(t/2) + f520).

Taking the supremum over all E with w(E) = t yields

(5.1) Fo() < 2MF, L f)5(t/2) + f5(20),

and therefore the theorem is proved. O

IN

In what follows, we will assume that m¢ ,, is a weighted median value of f over R"
if w(R™) < co and f is any measurable function, and my, = 0 if w(R™) = oo and

fi(o0) =0
Corollary 5.1. If either w(R™) < 00 or w(R™) = co and f}(c0) = 0, then

w(R™) d
(52 (f—mp)5®)° <6 / LIRS <t <wm)
t/4
where 0 < 6 < 1, and
(5.3) If = mpwles < IME L fllr (0 <p<oo).

Proof. Consider, for example, the case w(R") < oco.
The proof of (&2)) is quite standard (cf. [LI]). Tterating (BI) and using the
elementary inequality (a 4 b)® < a® +b%,a,b > 0, we get

W(R™) s
(5.4) g <2 [ OH e T A )’
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By Proposition 2.2]

(F —mpa)s (aw@®)’ < (4 inf ME _f@)° <4 (f f) (0®Y)’

rERN n,w
40 e®D N ds
G S
log4 Jo,(&n)/a s

From this and from (5.4) with f — my,, in place of f we obtain (5.2)).
Next, (52) along with Hardy’s inequality [BS] p. 124] immediately gives

If = mpwllee < cplME flle (0<p<o0).

n W

To prove the converse, we define the maximal function my ,, f by
Mmaw f(@) = sup(fxq), (Ww(Q)),
Q3w

where the supremum is taken over all cubes centered at x. Now, exactly as in
proving R.7), we get {mx o f > a} C {Myx{f|>a} > A}, and thus,

w{fawf > a} < %w{|f| > a}
or, equivalently,
(5.5) (Mrwf)o(t) < f5(At/cn)

(here M,, is the weighted centered Hardy-Littlewood maximal function). Since
MY f < in,w(f —myw), we obtain (M f)5(t) < (f = mypw)s(Ant/cn), so it
follows that

1M L flls < (/X)) PILf =mpolly (0 <p <o),

This concludes the proof of (B3).

The case when w(R™) = oo and f}(c0) = 0 is essentially the same. Note only
that this case is even simpler, since the second term on the right-hand side of (E.4)
will be equal to zero, and (B3]) will follow without using Proposition O

Our aim now is to estimate Mfw f by the unweighted local sharp function. The
main tool we will use is the following interpolation lemma, which resembles esti-
mates of K-functional for (L', BMO) [BS, p. 393] and E-functional for (L°, BMO)
1T} Theorem 3.2]. These estimates were proved by means of the Whitney Covering
Theorem. A local case of such estimates requires some modifications. For instance,
we have to apply a local variant of the Whitney Theorem to an open set €2 which
is strictly contained in Q. But for our purposes it will be convenient to use the
lemma below with any open set, not necessarily strictly contained in . To avoid
some technical difficulties, we will give a different proof, which perhaps is of some
independent interest. Our proof does not use the Whitney Theorem.

Lemma 5.2. Let f be any measurable function defined on a cube Qq, and let Q be
an open subset of Q with |F = Qo \ Q| > 0. Then there is a function g such that
f=gonF, and

1077500910 < sup MF g, (@)-
T
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Proof. Let Q be a collection of cubes @) contained in 2 and such that dist(Q, F) =
diam(Q). For z € Q we consider the maximal function Af defined by

Af(z) = sup my(Q),
QeQ

TE

where the supremum is taken over all cubes Q € Q containing z. Set now g =

(Af)xa + fxr. We have to estimate inf. ((g — c)XQ/)*(|Q’|/2) for any Q' C Q.
There are only three cases.

Case 1. Suppose Q' N Q = (). This case is trivial, since we have
inf (9 = e)x)" (Q1/2) = inf ((f = e)x) (Q1/2) < sup M 0, ().

Case 2. Let Q' NQ # (), and suppose for some y € Q' N there is a cube Q* € Q
containing y and such that diam(Q’) < diam(Q*)/2. Then it is clear that Q' C .
Let us show that for any Q € Q with Q N Q' # 0,

1 _
(5.6) Zdiam(Q*) < diam(Q) < gdiam(Q*).
First, we note that dist(Q*, F') < dist(Q’, F') + diam(Q’), which implies
1

(5.7) Ediam(Q*) < dist(Q', F).
On the other hand,
(5.8) dist(Q’, F) < dist(Q*, F) + diam(Q*) < 2diam(Q™).
Assume that dist(Q, F) < dist(Q’, F'). In this case

diam(Q) < dist(Q’, F) < dist(Q, F) + diam(Q) < 2diam(Q),
and, by (5.1) and (E.8),
(5.9) idiam(@*) < diam(Q) < 2diam(Q*).
If dist(Q, F) > dist(Q’, F'), then again applying (5.7) and (5.8) yields

(5.10) %diam(@*) < dist(Q', F) < diam(Q)
= dist(Q, F) < dist(Q’, F) + diam(Q’) < gdiam(Q*).

Unifying (59) and (GI0), we get (G6).
Let E be the union of all cubes Q € Q With QNQ' # (Z)~, and let ) be a cube of
minimal measure containing E. Then dist(Q, F) < diam(Q), and, by (&8,

1 ~ 11
Zdiam(Q*) < diam(Q) < Ediam(Q*).
It follows easily frgm the properties of @ that there is a cube @ C Qo containing

Q and such that QN F # () and |@| < 3”|@| We get that any cube Q € Q with
QNQ' # 0 is contained in Q, and

_ 1 N
Q= 1@l =

1

~ 1 =
101> =@l

~ 66"
Therefore,

mr(Q) =l < ((f = xa) (1Q1/2) < ((F = exg) " (1Q1/2 - 66"),
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and thus,
inf (9 — e)x@) (1Q'1/2) = inf ((Af - xe) (1Q1/2)
inf ((f — )xg) " (1Q1/2 - 66")

< sup MﬁQ'GG,L;QOf(m).
zeF

IN

Case 3. Let Q' NQ # B, and suppose that for any y € Q' N Q and any cube
Q* € Q containing y we have diam(Q’) > diam(Q*)/2. Let E be the union of such
cubes Q*, and let @ be a cube of minimal measure containing £ and Q’. Then
dist(Q, F) < diam(Q), and

diam(Q") < diam(Q) < 5diam(Q").

és in the previous case, there is a cube @ C Qo containing @ and such that

QNF #0and Q] <30,

Take an arbitrary constant c¢. To estimate ((g — ¢)xq)" (|Q'|/2), we use the
definition of the rearrangement. Let E’ be any subset of Q' with |E'| = |Q’|/2.
Then either [E'NF|>|Q'|/4or |[E'NQ| > |Q'|/4. If |[E'NF| > |Q'|/4, then

i —cl < i — < _ N ’
dnf lg—c/< _dnf [f-c < ((f = )xe) " (1Q1/4)
((f - C)Xé)*(@l/ll- 15™).
Assume that |[E' N Q| > |Q’|/4. Then, using [Z7), we get

inf |g — < inf |Af—c¢| < inf — =
gclt’:pE’ |g C| - ;celg/ﬁﬂ| ! C| _x€1£’09m1/2((f C)XQ)

IN

< (mpl(-oxg)) (1Q1/4) < (7 - oxg) (1Q1/5-3")
< ((F=axg) QI3 457).

Therefore,
(9 xe) (1Q'1/2) < ((f = e)xg) " (IQI/8 - 457).

and thus,

inf (g~ e)xa) " (1Q'1/2) < sup Mg asmi00f ().
Unifying all cases, we obtain
1M, 0,6l < sup Mg 66m00f (@):
The lemma is proved. (|

The last lemma allows us to relate M j\# o with M j\# f and the maximal function
Pyw (cf. Section 2.3).

Lemma 5.3. For any measurable f, and any weight w,

*

(5.11) (ML) () < en(ME fPrjow)] (M/c,)  (0<t<w(®R"),0<A<1).
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Proof. Let @ be any cube with w(Q) > 0. Set
Q={reQ: M ,f(x) > (M{ of),Ow(@)/4} and F=Q\,

where ), is the constant from Lemma[5:2 Then w(F) > (1 — A/4)w(Q) > 0, so
that |F| > 0. Let g be the function from Lemma[5.2l By 1I),

inf ((f = c)xe), (w(@) < inf (9 - c)xe);, (Ww(Q)/2)
+ ((f = 9)xQ), (w(@)/2).

The second term here is equal to zero, since w(supp(f —g)) < w(2) < w(Q)/2. Let
E\ C Q be any subset of minimal Lebesgue measure such that w(Ey) = Aw(Q)/2.
Applying the John-Stromberg theorem (cf. (Z0])) and Lemma[52] we obtain

inf (9 — )xe), (AWw(@)/2) < ((9-my(@)xe)" (IEA])

2|Q
Cn”MﬁQ;QQHOO log m

M
cp sup M . z) inf P wl\T
nx p )ijf( )x o /2 ( )

en(MF o F)] (Ow(Q)/4) inf Py Jow ().

IN - IA

IN

Therefore,
(5.12) inf ((f ~ e)x@) [ (Ww(Q) < en(Mf of)L(w(@Q)/4) inf P jow(a)

< (M FPyow)xQ) (Ow(@)/4),
and so,
Mﬁwf(x) < CnMyjaw (Mfifpx\/zw) (z).
From this and from (BH) we get (E1T)). O

Summarizing Corollary EIland the last lemma, we have:

Theorem 5.4. If either w(R™) < oo or w(R™) = oo and fi(c0) =0, then

w(R™) * ds
(F=mp )20 e [ (ME Py @)L (61T (0t <w(®))
ct
where 0 < 6 < 1, and
1f = mpwlie < cpnllME fPywlln  (0<p < oo).

This theorem and (L4)) yield the following new weak-type and strong-type esti-
mates for singular integrals.
Corollary 5.5. If either w(R") < 0o or w(R™) = oo and (T'f)}(c0) =0, then

w(®") o, sds
(513)  (Tf —mrpo)s(t)° < cn/ (MfP)\”w)w(s)é? (0 <t < w(®R™)),

ct
where 0 < 6 <1, and

(5.14) ITf =mrrully < cpnllMFPy,wlly (0 <p<o0).
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Using essentially the same methods one can deduce a little bit different propo-
sition than Corollary B35l More precisely, given 0 < A < 1 and 7 > 1, define the
operator Py)w by

P;\T)w(x) = sup log(1+|Q[/[EA]),
Q:xerQ

where the supremum is taken over all cubes @ such that rQ) contain x, and E) C Q
is any set of minimal Lebesgue measure such that w(E)) = Aw(Q). Clearly, P/{l)w =
P w, and P;\T)w > Py\w for r > 1.
Proposition 5.6. If either w(R") < 0o or w(R™) = oo and (T'f)%(c0) = 0, then
for r > 1 we have

w(R™)

(5.05) (1f = mrs )20 e [ (MEP)LES 0 <t <w®),

/
cpt

where 0 < 6 <1, and
(5.16) ITf = mrswlles < comr|MFP W) s (0 < p < o0).

Proof. Since the proof follows essentially the same ideas as before, we outline it
briefly. First of all, standard arguments show that for any x € @,

inf ((Tf ~ )xa), (w(Q)) < crnMf(x)
(5.17) + it (T(/xe) — Oxe) (Aw(@)).
Further, it is easy to see that instead of (5.12)) we can write

inf ((/ = ©)x0),(w(Q)) < ea(MF o) L(@)/4) int P{)w(a).

Anj

From this we have

inf ((T(/xre) = )xe), (w (@)

IN

en (M0 )xQ) Ow(Q)/4) int P{)u()
e (Mrg(FP{h)xQ) " Ow(Q)/4).

IN

Therefore, in view of (5.171),
M (TF)() < conMF() + enitg e (M(FPw)) (@),
which, by (EH), implies
(MELTH)E) < crn(ME5E/2) + en(M(FPhw)) - (M)
< e (M(fPw))0 (M/c).
Now applying Corollary [5.1] completes the proof. O

N

To realize the difference between Corollary and Proposition [5.6] we invoke
the Fefferman-Stein inequalities (4.7) and (£8)). Obviously, (5.14)) combined with
D) gives

ITf=mrpoly < Cp,n/ [fIPM (w(Py,w)P)dz (1 <p < o0),
Rﬂ,
while (5.16]) combined with (E1) yields

ITf —mrsolly < cpmr / PP wyPMwde (1< p < o).
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Observe also that (.15), unlike (B213)), combined with (A38) allows us to get the
following weak-type estimate:

(5.18) (Tf —mrsw)s(t) < C"T/ [fIPI wMwde (0 < t < w(R™)).
R" '

It is still unknown whether the full analogue of (£8) with singular integrals T f

(even with the Hilbert transform) instead of M f holds (see [Pe]). Moreover, we do

not know whether one can replace P/{:)w by Py, w on the right-hand side of (GIJ).
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